ABSTRACT. In the present investigation, we obtain some subordination and superordination results involving Hadamard products for certain normalized analytic functions in the open unit disk. Relevant connections of the results, which are presented in this paper, with various other known results are also pointed out.
Introduction
Let H be the class of analytic functions in the open unit disk U := {z : z ∈ C, |z| < 1}.
For n ∈ N := {1, 2, 3, . . . } and a ∈ C, let H [a, n] = {f : f ∈ H and f (z) = a + a n z n + a n+1 z n+1 + . . .}.
Let A be the subclass of H consisting of functions of the form
For f and F be members of the function class H , the function f is said to be subordinate to F in U, or the function F is said to be superordinate to f in U, if there exists a Schwarz function w(z), which is analytic in U with w(0) = 0 and |w(z)| < 1 (z ∈ U), such that f (z) = F (w(z)) (z ∈ U). In such a case, we write f ≺ F (z ∈ U) or f ≺ F (z ∈ U). Furthermore if the function F is univalent in U, then we have that the following equivalence holds (see [12, 19] ); f ≺ F (z ∈ U) ⇐⇒ f (0) = F (0) and f (U) ⊂ F (U).
Let φ(r, s, t; z) : C 3 × U → C and let h be univalent in U. If p is analytic in U and satisfies the following differential subordination
then p is called a solution of the differential subordination (1.2). The univalent function q is called a dominant of the solutions of the differential subordination (1.2) or, more simply, a dominant if p ≺ q (z ∈ U) for all p satisfying (1.2) is said to be the best dominant. A dominant q that satisfies the subordination relationship q ≺ p (z ∈ U) for all dominants q of (1.2) is said to be the best dominant. Let ϕ(r, s, t; z) : C 3 × U → C and h be analytic in U. If p and ϕ(p(z), zp (z), z 2 p (z); z) are univalent in U and satisfying the following differential superordination
then p is called a solution of the differential superordination (1.3). An analytic function q is called a subordinant of the solutions of the differential superordination (1.3) or, more simply, a subordinant if q ≺ p (z ∈ U) for all p satisfying (1.3). A univalent subordinant q that satisfies the subordination relationship q ≺ q (z ∈ U) for all subordinants q of (1.3) is said to be the best subordinant.
b n z n , the Hadamard product (or convolution) of f and g is defined by
If A t = 1 (t = 1, 2, . . . , l) and B t = 1 (t = 1, 2, . . . , m) we have the relationship:
is the generalized hypergeometric function (see for details [33] ) where N denotes the set of all positive integers and (λ) n is the Pochhammer symbol and
By using the generalized hypergeometric function Dziok and Srivastava [13] introduced the linear operator which was subsequently extended by Dziok and Raina [14] by using Wright generalized hypergeometric function.
Let
We observe that, for f (z) of the form (1.1), we have
where σ n (α 1 ) is defined by
and Ω is given by (1.7). For convenience, we write
In view of (1.8), we get,
It is popularly known in the literature as Wright's generalized operator. Several interesting operators, which are special cases of the linear operator (1.8) have been widely studied by Dziok and Srivastava [13] , Carlson and Shaffer [6] , Ruscheweyh [26] , Cho et al., [7] [8] [9] , Choi et al., [11] and others (also see [15] and [32] ). Making use of the principle of subordination various subordination theorems involving certain integral operators for analytic functions in U were investigated by Bulboacȃ [5] (see also [4] ), Miller and Mocanu [19] , Owa and Srivastava [24] . Further, Miller and Mocanu [20] and Bulboacȃ [4] extended the study to differential superordination as the dual problem of differential subordination, later the study has been taken by many researchers like Ali et al., [1] , Aouf and Mostafa [2] , Cho et al., [10] , Magesh et al., [17, 18] , Mostafa and Aouf [21] , Murugusundaramoorthy and Magesh [22] , and Shanmugam et al., [28] and others.
In the the present investigation, we study the subordination and superordination results of the linear operator defined by (1.8). Also we obtain the sufficient condition for certain normalized analytic functions f (z) in U such that (f * Ψ)(z) = 0 and f to satisfy
where q 1 , q 2 are given univalent functions in U with q 1 (0) = 1, q 2 (0) = 1 and
µ n z n are analytic functions in U with
Further, we state the number of known results as their special cases. In order to establish our main results, we need the following definition and lemmas:
Ò Ø ÓÒ 1.1º ([20: p. 817, Definition 2]) Denote by Q, the set of all functions f that are analytic and injective on U − E(f ), where
Ä ÑÑ 
Suppose that
If p is analytic with 
and q is the best subordinant.
Subordination results
Using Lemma 1.2, we first prove the following theorem.
Ì ÓÖ Ñ 2.1º Let Φ, Ψ ∈ A , γ i ∈ C (i = 1, . . . , 3), γ 3 = 0, µ, η ∈ C and q be convex univalent with q(0) = 1, and assume that
where 3) and A 1 > 0, then
and q is the best dominant.
Then the function p is analytic in U and p(0) = 1. Therefore, by making use of (2.4) and (1.11), we obtain
5)
By using (2.5) in (2.2), we have
it can be easily observed that θ(w), φ(w) are analytic in C\{0} and φ(w) = 0. Also we see that
It is clear that Q(z) is starlike univalent in U and
By the hypothesis of Theorem 2.1, the result now follows by an application of Lemma 1.2. 
and A 1 > 0, then
1+Bz is the best dominant.
GENERALIZED HYPERGEOMETRIC FUNCTION
Taking η = γ 1 = γ 3 = 1, γ 2 = A = µ = 0 and B = 
is the best dominant.
Remark 1º From Corollary 2.1.2, we have
Re 
ÓÖÓÐÐ ÖÝ 2.1.3º If f ∈
A satisfies 1 + γ zf (z) f (z) ≺ 1 + α(A − B)z (1 + Az)(1 + Bz) , z ∈ U then f (z) ≺ 1 + Az 1 + Bz , z ∈ U
ÓÖÓÐÐ ÖÝ 2.1.4º If f ∈
Taking η = 0 in Theorem 2.1, we get the following result. 
ÓÖÓÐÐ ÖÝ
where
and
and q is the best dominant. 
ÓÖÓÐÐ ÖÝ 2.1.7º If
f ∈ A , f (z) = 0 satisfies zf (z) f (z) ≺ (α − 1)z µ(α − z)(1 − z) , z ∈ U then 1 f (z) µ ≺ α(1 − z) α − z ,
ÓÖÓÐÐ ÖÝ
is the best dominant, where 0 ≤ β < 1 and µ > 0 are some real numbers.
Taking µ = 0 in Theorem 2.1, we obtain the following corollary. 
ÓÖÓÐÐ ÖÝ 2.1.9º Let
Φ ∈ A , γ i ∈ C (i = 1, . . .∆ (γ i ) 3 1 2 (f ; Φ) ≺ γ 1 + γ 2 q(z) + γ 3 zq (z) q(z) ,(2.
10)
11)
Remark 3º
(1) Putting 
Putting γ 1 = γ 2 = 0 and γ 3 = 1 in Corollary 2.1.10, we obtain the following result.
ÓÖÓÐÐ ÖÝ 2.1.11º Let η > 0, be a real number. Let q(z) = 0 be a univalent function in U such that
GENERALIZED HYPERGEOMETRIC FUNCTION
By setting q(z) = 
ÓÖÓÐÐ ÖÝ
where α > 1 and η > 0 are some real numbers and
for some real numbers 0 ≤ β < 1, η > 0 and
is the best dominant. 
Remark 4º
Taking q(z) = 
Superordination results
Now, by applying Lemma 1.3, we prove the following theorem. 
